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We c o n s i d e r  s u c c e s s i v e  g e n e r a t i o n s  of e  lernents pe r f  orrning the  some 
f u n c t i o n  i n  s p e c i f i c  environmont. We assume t h a t  e lements  a r e  d i f f e -  
r e n t l y  p r e f e r e d  w i t h  r e g a r d  t o  t h e i r  t y p e s ,  a r e  reproduced wi th  r e s -  
p e c t  t o  t h e s e  p r e f e r e n c e s  and t h a t  sonletirnes the  types  of e lements  a r e  
modif ied dur ing  reproduc t ion .  We g i v e  t h e  a p p r i o p r i a t e  s t o c h a s t i c  mo- 
do1 d e s c r i b i n g  the  v a r i a t i o n s  of the  g e n e r a t i o n s  s t a t e  r e s u l t i n g  from 
such reproduc t ion .  Wo a r o  of op in ion  t h a t  p r o p e r t i e s  of t h i s  model f i t  
w e l l  t o  thoso observed i n  some r e a l  l i f e  p rocesses  of development of 
e v o l u t i o n a r y  type. S e v e r a l  s i m u l a t i o n  examples a r e  p r e s e n t e d  t o  uphold 
t h i s  t h e s i s .  

1 . INTRODUCTION 

We c o n s i d e r  a  popula t ion  of e lements  of 
s e v o r a l  types  a c t i n g  i n  some environ-  
ment. A l l  e lements  do e s s e n t i a l l y  t h e  
same job - meet the  same environment 
requirnrent , though they can accomplish 
i t  d i f f e r e n t l y  and be d i f f e r e n t l y  pre- 
f e r e d  by environment. We assume t h e  
s p e c i f i c  onvironmcnt i n  which q u a l i t y  
index  a s s i g n e d  t o  element and r e f  l e c -  
t i n g  t h i s  p r e f e r e n c e  i s  random v a r i a b l e  
w i t h  p r o b a b i l i t y  d i s t r i b u t i o n  tho  same 
f o r  a l l  e lements  of t h e  same k i n d ,  ac- 
t i n g  i n  t h e  same per iod  of time. We 
w i l l  c a l l  t h e  environment t h e  more ho- 
mogenous t h e  l e s s  i s  a  v a r i a n c e  of qu- 
a l i  ty  index. The environment has  a  li- 
m i  t e d  c a p a c i t y .  Elements a r e  i n t r o d u -  
cod t o  environment ,  a c t  t h e r e  some time 
and a r o  removed. The d i f f e r e n c e  bo t -  
ween c u r r e n t  c a ~ a c i t v  and number of 
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elements  a c t i n g  forms a  demand f o r  new F i ~ . f .  Elements flow i n  s u c c e s s i v e  
e lements .  popula t ions .  

We assume a  d i s c r e t  timo and c o n s i d e r  
a  p rocess  i l l u s t r a t e d  on f i g .  1. I n  
each  p e r i o d  t h e r e  e x i s t s  a  popula t ion  
which occupy the  environment. It con- 
s i s  ts of t h a t  e lements  which " s u r v i v e d n  
from prev ious  popula t ion  and of new 
g e n e r a t i o n  of e lements  s u p p l i e d  by r e -  
p roduc t ion  process .  The r e p r o d u c t i o n  
is  a  random process  w i t h  tendency t o  
meet t h e  environment demand and t o  i n -  
c r e a s e  t h e  number of e lements  w i t h  
h i g h  q u a l i t y  on expense of e lements  
w i t h  low q u a l i t y .  The elements  of par- 
t i c u l a r  types  a r e  reproduced s e p e r a t e -  
l y  and t h e  v a r i a n c e  of r e p r o d u c t i o n  r a -  
t i o  d imin i shes  w i t h  growing number of 
e lements  reproduced. There e x i s t s  a  
peak r a t i o  of r e p r o d u c t i o n  f o r  oach ty-  
pe which can n o t  be exceeded and a s  a  

r e s u l t - t h e  upper  l i m i t  of e lements  num- 
b e r  i n  nex t  g e n e r a t i o n  de te rmin ing  t h e  
e x t e n t  t o  which t h e  demand of environ-  
ment can be f u l f i l l e d .  When t h e  peak 
r a t i o s  of r e p r o d u c t i o n  a r e  n o t  i n v o l -  
ved ,  e lements  a r e  reproduced i n  such 
a  f a s h i o n  t h a t  t h e  expec ted  number of 
a l l  new elements  e q u a l s  t h e  demand and 
expected v a l u e  of r e p r o d u c t i o n  r a t i o  
f o r  p a r t i c u l a r  type i s  p r o p o r t i o n a l  t o  
i t s  q u a l i t y .  Thore e x i s t s  s l i g h t  proba- 
b i l i t y  t h a t  element can be modif ied du- 
r i n g  reproduc t ion  i n t o  a n o t h e r  t y p e ,  
sometimes w i t h  b e t t e r  q u a l i t y ,  then 
those  h i t h e r t o  r e p r e s e n t e d  i n  the  popu- 
l a t i o n .  A s  a r e s u l t  of  s u c h  a reproduc-  
t i o n ,  g e n e r a t i o n  s t a t e ,  d e f i n e d  a s  e l e -  
ments d i s t r i b u t i o n  be tween p a r t i c u l a r  
t y p e s ,  changes i n  t ime ,  w h a t  i s  f o l l o -  



wed by adequate  changes i n  the popula- 
t i o n  s t a t e .  

I n  nex t  s e c t i o n  we propose a  matemati- 
c a l  model d e s c r i b i n g  the process  of va- 
r i a t i o n  of the  gene ra t i on  s t a t e  i n  suc- 
c e s ive  time per iods.  Using Waddington 
terms [ 11 i t  de sc r i be s  t h e  behaviour of 
p rogress ive  system having t h e  homeorhe- 
sis proper ty .  We i n t e n d  t o  po in t  t h a t  
d i s cus sed  process  e x h i b i t s  a  f a r  go ing  
analogy wi th  observed,  r e a l  l i f e  deve- 
lopment processes .  I n  p a r t i c u l a r ,  t h e r e  
occurs  the  s teady  growth of t he  average 
gene ra t i on  q u a l i t y  , combined w i th  cyc- 
l i c  changes of the  gene ra t i on  s t a t e ,  a s  
a  success ive  types of h ighe r  and h ighe r  
q u a l i t y  a r e  in t roduced  and g a i n  domina- 
t i o n  i n  i t .  

There i s  q u i t e  a  l o t  of papers ,  mainly 
b i o l o g i c a l l y  o r i e n t a t e d ,  wlii.ch d e a l s  
w i t h  mathema t i c a l  mode 1s of s i m i l i a r y  
de f i ned  popula t ions .  I t  begins  proba- 
b ly  wi th  F i she r  121, of more r e c e n t  the  
s e  of Eigen 131, Kar l i n  [ h ] ,  Tuffner-  
Denker [ 5 ]  should  be mentioned i n  t h i s  
con tex t .  The main innova t ion  in t roduced  
i n  our  model seems t o  be a  v e c t o r  space 
of types w i th  q u a l i t y  f u n c t i o n  de f i ned  
on i t .  I t  a l lowed the  mod i f i c a t i on  pro- 
c e s s  t o  be adequa te ly  inc luded  i n t o  mo- 
de 1. 

One can meet remarks, e.g. / 6 ]  t h a t  o t -  
h e r  then b i o l o g i c a l  development proces- 
ses of evo lu t i ona ry  types can be consi-  
dered  i n  s i m i l a r  fash ion .  We t r i e d  t o  
use  n e u t r a l  terms,  and perhaps the  r e -  
ade r  can s h a r e  our  op in ion  t h a t  above 
d e s c r i p t i o n  r e f l e c t  t o  some e x t e n t ,  
e.g. a  process  of compet i t ion  on spe-  
c i f i c  market. 

Let the type of element be determined 
by n  parameters :  d l , . . .  ,d, assuming in- 
t ege r  values .  Then each type dl can be 
r ep r e sen t ed  a s  a  po in t :  ( d; , . . . ,dk ) i n  
n-dimensional d i s c r e t e  parameters  spa- 
ce  D n :  

Dn =(d]cFtn : xf D ~ B X  6 R n h  

xi = k t i e r ( x i )  , i = l , .  . . n .  (1 1 
Let the  norm: 

" i lldi-djll= r Id,- dJ,I 
k= f ( 2 )  

g i v e s  a  d i s t a n c e  between types i and j. 
Let T  = 0 , l  , 2 , .  . . denotes  d i s c r e t e  
t imezgenerat ion number. Let CT denote  
t he  T-th gene ra t i on  of elements.  The 
s t a t e  of gene ra t i on  i s  g iven  by a  d i s -  
t r i b u t i o n  func t ion :  

N: D ~ X T - D +  ( 31 
where D, = {0 ,1 ,2 ,  ...) 

N (d i  , T )  = N: determines the  number of 
i - type  elements  i n  GT .' AS  is the  de- 
numerable s e t  of p o i n t s ,  a l l  types  d L  
can be numered succe s s ive ly :  d 4  , d Z  , 
d 3 ,  ... and the  gene ra t i on  s t a t e  can be 
denoted by t h e  vec to r :  

tr 
.ST = [ N ; ,  N;, x i ,  ...I (4)  

We assume t h e r e  a r e  g iven  i n  advance: 

- Qual i ty  f unc t i on :  

q: R " X T  - R +  ( 5 )  

q ( x , T )  = qT f o r  x  = d' determine 
expected q u a l i t y  of i - type elements  i n  
GI - Maximum reproduc t ion  func t i on  : 

r: D ~ X T  - R +  ( 6 )  

r ( d i  , T )  = r:i determines the  peak re-  
product ion r a t i o  of i - t ype  elements  i n  
cT. - Modif ica t ion  func t ion :  

m: D " X D " X T  - R +  (7) . . 
m (d , dj  ,T) = m$ determines t he  probabi- 
l i t y  of modif  cation from i t o  j-type 
dur ing  reproduc t ion  of G T ,  f m i j  = 1. 

J - - Demand func t i on :  

M: T-D+ ( 8 )  

E I ( T )  = E l T  determines t he  deniand of en- 
vironment f o r  new elements  i n  per iod  T. - P r o b a b i l i t y  d i s t r i b u t i o n  of q u a l i t y  
eva lua t i on :  

where ?'is a  random v a r i a b l e  w i th  d i s -  
t r i b u t i o n  f  de te rmin ing  the  q u a l i t y  
index a s s igned  t o  i - type  elements  i n  
G T. - P r o b a b i l i t y  d i s t r i b u t i o n  of reproduc- 
t ion :  

g ( ~ , E [ x ~ ' ] ) , ~  € D+ , E [ ~ : ] =  E[N:"] (1 0 )  
where 1; i s  a  random v a r i a b l e  wi th  d i s -  
t r i b u t i o n  g  de te rmin ing  the  number of 
llprogeny" of i - type elements  i n  GT.  

To eva lua t e  the s t a t e  of next  genera- 
t i o n  w e  de t e rmi~ i e  succe s s ive ly :  

1 .  Average q u a l i t y  of i - type:  
1 6: = $ Z i L K ,  f o r  a l l  i (1 1) 

where ij;, i s  a  r e a l i z a t i o n  of random 
v a r i a b l e  f o r  k-th element of i - t ype ,  
"4. ( 9 ) .  
2. T o t a l  reproduc t ion  r a t i o  of i - t ype :  

r: = min(aT.tj:, r,i ) , f o r  a l l  i ( f 2 )  
where aT6R+ i s  a  f a c t o r  common f o r  a l l  
types a d j u s t i n g  reproduc t ion  t o  t he  
demand: 

aT = m i n ( ( ~ " ' -  d Z L ~ j r : ( a ) l )  (I 3) 
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3. Reproduction r a t i o  from i t o  j-type 

f o r  a l l  i , j  

4. Expected s t a t e  of  T+l g e n e r a t i o n :  

E[s~*']= [rij] ST ( I 5 )  

where r i s  an  i n f  i n i  te-dimensional  
m a t r i x  of  r e p r o d u c t i o n s  r a t i o s .  

t 

5. S t a t e  of T+l g e n e r a t i o n :  

(1 6 )  
where Er '  i s  a  r e a l i z a t i o n  of  random 
"progeny" v a r i a b l e  1T eq. (1 0 ) .  

The above model d e s c r i b e s  t o  some ex- 
t e n t  t h e  p rocess  d i s c u s s e d  i n  in t rodu-  
c t i o n .  S imula t ion  r e s u l t s ,  p r e s e n t e d  
f u r t h e r  on,  have been o b t a i n e d  under 
some s i m p l i f y i n g  assumptions which a r e  
a s  fo l lows :  - We g e n e r a t e d  random va lues  f o r  t h e  r p  
p roduc t ion  on ly ,  u s i n g  t h e  Poisson Dis- 
t r i b u t i o n  t o  t h i s  purpose - then  t h e  
d e s c r i b e d  process  can be cons idered  a s  
a  m u l t i t y p e  branching process[7]. A s  t h e  
m a t t e r  of  f a c t ,  t h e r e  i s  no need t o  ge- 
n e r a t e  random v a l u e s  f o r  those  process-  
e s  s e p e r a t e l y ,  a s  one complex d i s t r i b u -  
t i o n  can be educed and used  f o r  s imula-  
t i o n .  

- We assumed the  c o n s t a n t  demand M and  
t h e  c o n s t a n t  peak r e p r o d u c t i o n  r a t i o  r, 
t h e  same f o r  a l l  types .  I n  such  s i t u a -  
t i o n  we c o u l d  s i m p l i f y  t h e  de te rmin ing  
of r e p r o d u c t i o n  r a t i o  u s i n g  i n s t e a d  
eqs .  ($1) and  (12) t h e  formulae:  

vT 
r = + ( r  - 1  q  (17) 

where N; is  a  t o t a l  number of e lements  
i n  G~ and q i  i s  a n  average  q u a l i t y  of - T 
ti' : 

T 1 
q, = xf Gs:  (1 8) 
It  car] be shown t h a t  i f  r: = q:/q: t h e  
expec ted  number of  a l l  e lements  GT i s  
t h e  same f o r  a l l  g e n e r a t i o n s  - t h e  C r i -  
t i c a l  Galton-Watson Process ,  I f  h'; does 
n o t  excede M c o n s i d e r a b l e  and 1  < r,<2, 
what j u s t  occured,  remaining f a c t o r  
a c t s  t o  reduce a  d i f f e r e n c e  between M 
and N; . - We assumed t h e  m o d i f i c a t i o n  p r o b a b i l g  
t y  m . .  depends on ly  on d i s t a n c e  between 
i a n J  j-type and i s  g i v e n  a s  fo l lows :  . 

i f  lid'- djll>2 
i f  l i d L - d J l = 2  (19) 
i f  lid! - dJll = i  

Xuij i f  lid' - dJll = 0  

where m, <<I. 

The l a s t  t h i n g  t o  d i s c u s s  h e r e  i s  a  
c h o i c e  of q u a l i t y  f u n c t i o n ,  which i s  a  
m a t t e r  of importance f o r  a p p r i o p r i a t e  
i n t e r p r e t a t i o n  of s i m u l a t i o n  r e s u l t s .  
We chose a  shape roughly analogous t o  

t h i s  of  a n  undercu t ,  narrow r i d g e  g ra -  
dually e l e v a t i n g  i n  d i r e c t i o n  n o t  para- 
l l e l  t o  t h e  a x i e s .  It i s  a  form s i m i l a r  
t o  t h e  Waddington's chreods [ I ] ,  t h e  
on ly  d i f f e r e n c e  be ing  - we d e a l  w i t h  
maximiza t i o n  n o t  minimizat ion.  There 
i s  s i m i l a r  mot iva t ion  f o r  t h i s  c h o i c e  
a l s o .  We can o f t e n  d e s c r i b e  t h e  deve- 
lopment p rocess  of some o b j e c t s  i n d i -  
c a t i n g  parameters  ach ieved  i n  s u c c e s s i -  
ve g e n e r a t i o n s  and r e s u l t i n g  t r a j e c t o r y  
c o r r e l a t e d  w i t h  q u a l i t y  growth. Any ti- 
me, any s e r i o u s  d e v i a t i o n  from t h i s  
t r a j e c t o r y  g i v e s  a  r a p i d  d r o p  of q u a l i -  
ty .  A b e t t e r  s o l u t i o n  i~ n o t  easy  t o  be 
found and g e n e r a l y  r e q u i r e s  a  change of 
s e v e r a l  parameters  s imul tanous  l y  , a s  
parameters  a r e  usua ly  w e l l  tuned up. 
The chosen m e t r i c  of D n  r e f l e c t s  t h i s  
p r o p e r t y  a s  i t  " r a t e s  h i g h e r t 1  t h e  chan- 
g e  i n v o l v i n g  more parameters .  

3. SIMULATION 

3.1. T y p i c a l  f e a t u r e s  of s imula ted  
p r o c e s s e s .  

The dynamics of t h e  g e n e r a t i o n  s t a t e  
i s  a  r e s u l t  of two t r e n d s  composed. The 
f i r s t  t r e n d  a r i s i n g  from s e l e c t i v e  r e -  
p roduc t ion .  t ends  t o  i n c r e a s e  t h e  num- 
b e r  of e lements  of types  w i t h  q u a l i t y  
q i  h i g h e r  then  average  q u a l i t y  q: , and 
t o  reduce t h e  number of o t h e r s .  This 
tendency is  the  s t r o n g e r  , t h e  g r e a t e r  
( the  l e s s e r )  i s  a  r a t i o  qi/q:. A s  a n  

average  q u a l i t y  i n c r e a s e s  dur ing  such  
p r o c e s s ,  t h i s  t r e n d  a c t s  t o  supersede  
a l l  e lements  by t e m p o r a r i l y  t h o  b e s t  
ones - t o  a t t r a c t  t h e  g e n e r a t i o n  d i s -  
t r i b u t i o n  t o  t h e  p o i n t  r e p r e s e n t i n g  t h e  
t imely  b e s t  type. The second t r e n d ,  
a r i s i n g  from mbdyficat ions  g i v e s  e i e -  
ments of types  d e v i a t e d  from t h i s  be ing  
reproduced - i t  a c t s  t o  d i s p e r s e  t h e  
g e n e r a t i o n  d i s t r i b u t i o n  around. This  
two t r e n d s  taken t o g e t h e r  can g i v e  a  
s t a t e  of quas i -equ i l ib r ium.  I n  t h e  pa- 
ramete rs  s p a c e ,  t h e r e  e x i s  ts a  c e n t e r  
r e p r e s e n t e d  by t h e  type t emporar i ly  t h e  
b e s t  c o n t a i n i n g  a  m a j o r i t y  of  e lements  
and c e r t a i n  sur rounding  of t h i s  c e n t e r ,  
composed of  types  w i t h  worse q u a l i t y  
b u t  because of m o d i f i c a t i o n s  s t i l l  con- 
t a i n i n g  some elements .  When due t o  mo- 
d i f i c a t i o n s  t h e  e lements  of new b e t t e r  
type  a r e  i n t r o d u c e d  t o  g e n e r a t i o n ,  t h e  
c e n t e r  of  d i s t r i b u t i o n  moves t o  t h e  
p o i n t  r e p r e s e n t i n g  t h i s  new type. 
To i l l u s t r a t e  t h e  t y p i c a l  f e a t u r e s  of 
g e n e r a t i o n  dynamics we u s e  d a t a  o b t a i -  
ned from s i m u l a t i o n  c a r r i e d  ou t  under  
f o l l o w i n g  assumptions : 

~ ' (15 ,15)  = I  o4 and z e r o  e l sewhere  

q  (d ,  ,d l )  =exp[-l ~ - ~ [ ( d (  +d2)'+ (d2-d,)2]] (20) 
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Fig. 2. Parameter space ,  q u a l i t y  func- 
t i o n  and ti"' and tiz5' s t a t e s .  

The s t a t e  of 110-th and 250-th genera- 
t i o n s  i s  shown on f i g .  2. The genera- 
t i o n s  a r e  s o  d i s t a n t ,  t h a t  they a r e  con1 
posed of elemonts of e n t i r e l y  d i s t i n c t  
types.  The 110-th gene ra t i on  i s  i r ~  
t r a n s i t i o n  s t a g e ,  the  c e n t e r  of d i s  tri- 
bu t ion  j u s t  rnovcs from po in t  ( 3 , 8 )  t o  
po in t  ( 7 , 7 ) .  The 250-th gene ra t i on  i s  
i n  quas i  ec lu i l ib r iun~  s tago .  Most of 
e lements  i s  concent ra ted  i n  t he  p o i n t ,  
(4 ,4 )  t he  b e t t e r  type has  n o t  y e t  been 
found. On t h e  a x i e s ,  the  d i s t r i b u t i o n s  
of paranletors f o r  each gene ra t i on  have 
been i nd i@a ted .  The f i r s t  nlornents of 
those  d i s t r i b u t i o n s  a r e  t he  coo rd ina t e s  
of gene ra t i on  cen t e r .  Kote,  t h a t  loga- 
r i t m i c  s c a l e  f o r  the  number of e lements  
has  been app l i ed .  

On tho same f i g u r e  tho contour  l i n e s  of 
t he  q u a l i t y  f unc t i on  a r e  i nd i ca t ed .  A s  
can be s e e n ,  the  f u n c t i o n  has  such a  
shape t h a t  a  change of s i n g l e  parame- 
t e r  of dominating type g i v e s  a  typo 
w i th  worso q u a l i t y .  To g e t  t h e  b e t t e r  
type i t  i s  necessary  t o  modify two pa- 
rameters  i n  proper  d i r e c t i o n .  I n  quas i -  
equ i l i b r i um s t a t e  p r a c t i c a l l y  a l l  e l c -  
ments a r e  of dominatitig type and t h i s  
type  q u a l i t y  i s  t he  average q u a l i t y  of 
genera t ion .  A s  t h e  assumed probatii l i t y  
of double mod i f i c a t i on  i s  (1.5)'. I  o - ~ ,  
t h e r e  a r e  two ways t o  g e t  i t  and t h e  
number of elemonts i s  10' , t h e  succe- 
s s f u l  double mod i f i c a t i on  can be expec- 
t e d  one a  45 gene ra t i ons .  I n  a  su r ro -  
unding of dominating type t h e r e  a r e  two 
o tho r s  which can g i v e  a  b e t t e r  typo by 
a  s i n g l e  ~nodi f  i c a  t ion .  I f  t h e i r  q u a l i t y  
i s  0.8 of t h e  average ,  then i n  e q u i l i -  
brium s t a t e  bo th  should be r ep r e sen t ed  

by 150 elements  - each mod i f i c a t i on  
h r i ngs  30 element and each reproduc t ion  
t ake s  of 30 elements.  In such  a  group 
of elements t he  s u c c e s s f u l  modi f ica t ion  
can be expected one a  4  gene ra t i ons .  
From comparison of t h i s  number wi th  
t h a t  ob ta ined  f o r  double mod i f i c a t i ons  
fo l lows  t h a t  t h e  main source  of succe- 
s s f u l  modi f ica t ions  i s  no t  t he  dornina- 
t i n g  type bu t  t he  types be1ongi .n~  t o  
i t s  surrounding.  

Tho " h i s t o r y "  of gene ra t i on  i s  drawn 
on fi;.;. 3. Success ive ly  types ( 7 , 7 )  , 
( 6 , 6 )  , ( 5  , 5 )  , ( ' r  ,!&) ga in s  and loso  domi - 

rlatiorl i n  t h e  gonera t ion .  )lost of t h e  
timo t he r e  i s  only one type dominating. 
A l l  t h e  t ime ,  e x i s t s  a  "background" 
c o n s i s t i n g  of e lements  of types from 
surrounding of genera t i o n  cen t e r .  They 
have usualy worse q u a l i t y  then those 
which dominate. The i r  number i s  a  
sma l l  f r a c t i o n  of t o t a l  number of e l o -  
ments p r e sen t  i n  ge r~e ra t i on .  

Fig. 7. Elements of p a r t i c u l a r  types 
i n  succe s s ive  ( fenera t ions .  

The average q u a l i t y  ob ta ined  i n  succe- 
s s i v e  gene ra t i ons  is drawn on f i g .  4. 

' I  
" do iso i io  210 240 

Fig. 4. ilverage q u a l i t y  and var iance  
i n  succe s s ive  genera t ions .  
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It c a n  be s e e n  t h a t  pe r io t l s  o f  r a p i d  
g rowth  o f  q u a l i t y  a r e  c o r r e l a t e d  w i t h  
t r a n s i t i o n  s t a g e s  o f  g e n e r a t i o n .  Otl the 
same f i g u r e  t h e  v a r i a n c e  of g e n e r a  t i o n  
i s  t r a c e d .  The lowes t  l e v e l  o f  v a r i a n c e  
i s  obsc rved  i n  quas i - equ i  l ibr iurn  s t a  t o .  
'I210 s i m u l a t i o n  r e s u l t s  p r o s o n t c d  i n  
t h i s  pape r  a r e  f o r  d e t e r m i n i s  t i c  q u a l i -  
t y  e v a l u a t i o n  and f o r  random reproduc-  
t i o n  wi t h  Po i s son  D i s t r i b u t i o n .  The 
q u e s t i o n  can  a r i s e ,  t o  what e x t e n t  t h e  
random f a c t o r s  impact  t h e  model beha- 
v i o u r .  It a p p e a r s  t h e r e  e x i s t s  a  s t r o n g  
d e t e r m i n i s t i c  component, e s p e c i a  l y  when 
more numerous t y p e s  o r  t h e  b e s t  t y p e s  
a r e  invo lved .  Fig .  5 g i v e s  f o r  s u c c e s s -  
i v e  g e n e r a t i o n s  t h e  number of e l e m e n t s  
of two d i s t i n c t  t y p e s  o b t a i n e d  i n  f o u r  
d i f f e r e n t  r e a l i z a t i o n s .  The r e s u l t s  
a r e  f o r :  M = l o 3 ,  n r O =  0. I n i t i a l  s t a t e :  

F ig .  5. Elelnents number i n  r e a l i z a -  
t i o n s  assuming d i f f e r e n t  eva- 
l u a  t ion - roproduc  t i o n  procedu- 
r e s .  

?iy=40, @ = 3 0 ,  ~ : = 2 0 ,  ~ 8 = 8 ,  ~ : = 2 ,  
- 

? ~ , ? = I - O ,  - O -  q,-1.1, q:=1.2, G,0=1.3, "= 1.4  * 
For  each  of t h o s e  r e a l i z a t i o n s  a n o t h e r  
eva  l u a  t io t i - reproduc t i o n  p rocedure  h a s  
been used: 

I  randorn e v a l u a t i o n  ~ i i  t h  uni form d i  s- 
t r i h u t i o n  - t h e  m a r i g i n s  o f  d i . s t r i -  
b u t i o n  coup le  t o g e t l i e r  and d e t e r m i -  
n i s t i c  repz-aduct i  on: 

RY'= ~ r i t i e r  ( L: (K:')), 

2 d e t e r m i n i s t i c  e v a l u a t i o n  and  random 
r e p r o d u c t i o n  wi th :  

3 d e t e r m i n i s t i c  e v a l u a t i o n  a n d  d e t e r -  
m i n i s t i c  r e p r o d u c t i o n ,  

4 de t e r m i n i . ~  t i c  eva  l u a  t i o n  arid random 
r e p r o d u c t i o n  w i t h  Po i s son  D i s t r i b u -  
t i o n .  

Numbers of e l e m e n t s  f o r  3-rd and  5- th  
t y p e s  a r e  drawn. 
I r r e s p e c t i v e  o f  s m a l l  s i z e  of gene ra -  
t i o n  - 100 e l e m e n t s  i n  i n i t i a l  s t a t e  - 
what i n c r e a s e  t h e  impact  o f  random f a -  
c t o r s ,  r e a l i z a t i o n s  seelus t o  be q u i t e  
we 11 tuned. 

3.2. Impact o f  p a r a m e t e r s  on develop-  
ment r a t e  

We c o n s i d e r  t h e  development r a t e  a s  
g i v e n  by a  s l o p e  of t h e  c u r v e  r e p r e -  
s e r i t i n g  t h e  a v e r a g e  q u a l i t y  of succe -  
s s i v e  gene ra  t iori .  To i l l u s t r a t e  t h e  
i n f l u e n c e  of p a r t i c u l a r  p a r a m e t e r s  of 
t h e  model d i s c u s s e d  on t h e  development 
r a t e ,  we u s e  d a t a  o b t a i n e d  from s imula -  
t i o n ,  c a r r i e d  o u t  w i t h  f o l l o w i n g  q u a l i -  

q-(d, , d2 )  = ((-2 . I  d3[(d4 +dl)'  +2(d2-d$))i(21) 

where: a=\- - asymet ry  c o e f f i c i e n t  
g i v i n g  a  G a t i o ' o f  e l l i p s e  a x i e s .  
A s  t h i s  f u n c t i o n  i s  l e s s  s t e e p  then  
t h a t  g i v e n  by eq. (20) t h e  s t a g e s  of 
t r a n s i t i o n  and  quas i - equ iva lence  a r e  
l e s s  d i s t i n c t .  

F ig .  6. g i v e s  t h e  a v e r a g e  q u a l i t y  ob- 
t a i n e d  f o r  g e n e r a t i o n  s i z e  N: e q u a l :  
l o 4 ,  l o 5 ,  l o 6 .  The r e s u l t s  a r e  f o r :  
i v i = ~ z ,  I I I ~ = O . O I ,  a = 4 ,  s0 :h ' (30,30)= N: 
and z e r o  e l sewhere .  

Fig.  6. Impact o f  g e n e r a t i o n  s i z e  on 
a v e r a g e  q u a l i t y .  

The more numerous t h e  g e n e r a t i o n  i s ,  
t h e  more r a p i d  development i s  ob ta ined .  
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Fig. 7. g i v e s  the  average q u a l i t y  ob- Fig. 9. g i v e s  t he  map of q u a l i t y  func- 
t a i ned  f o r  p r o b a b i l i t y  of mod i f i c a t i ons  t i o n s  w i th  t r a j e c t o r i e s  of t he  gonera- 
m equal:  lo- ' ,  lo-*, The r e s u l t s  t i o n  c e n t e r  f o r  d i f f e r e n t  s t a r t i n g  
a r e  f o r :  M=N'=I 04 , a = & ,  So : N"(gO, 30) = po in t s  drawn in .  We assumed t h a t  whole 
= l o 4  and zero  elsewhore. The g r e a t e r  popula t ion  is  i n i t i a l l y  of one type re? 
i s  the  p r o b a b i l i t y  of mod i f i c a t i ons  the  p e c t i v o l l y :  d ( l 1  , l l ) ,  d ( 1 3 , 7 ) ,  d ( 1 5 , 4 ) ,  
more r a p i d  development i s  obtained.  d (15 ,O) .  The r e s u l t s  a r e  f o r :  bI=N0=104, 

a  = [ I .  

Fig. 7. Impact of p r o b a b i l i t y  of modi- 
f i c a  t i o n  on average  q u a l i t y  

\ For m o  = f  0-', a f t e r  120 gene ra t i ons  domi- 
n a t e s  the  b e s t  type pos s ib l e :  d (0 ,O) -  
s t e ady  s t a t e .  Due t o  h igh  r a t e  of s t i l l  
occu r r i ng  modi f ica t ions  t he  qt i s  only 
0.94 of maximal q u a l i t y  q ( ~ , O ) = l .  This 
c u t  i n  q u a l i t y  can be cons idered  a s  a  
p r i c e  of r a p i d  development. 

Fig. 8. g i v e s  the  average q u a l i t i e s  
ob ta ined  f o r  d i f f e r e n t  asymetry coe- 
f f i c i e n t s  a  equal :  1 ,  4 ,  16. Resu l t s  
a r e  f o r :  M=N0=104, m,=10-~, S o  : ~O(30,30) 
= l o 4  and zero  elsewhere.  The g r e a t e r  
is  t he  asymetry of a x i e s  the  more d i -  
f f i c u l t  t h e  development i s .  

Fig. 8. Impact of asymetry of q u a l i t y  
f unc t i on  on average q u a l i t y .  

Fig. 9. Genera t i o n  c e n t e r  t r a j e c t o r i e s  
f o r  d i f f e r e n t  s t a r t i n g  po in t s .  

Fig. 10  g ive s  average q u a l i t i e s  ob t a i -  
ned from d i f f e r e n t  s t a r t i n g  po in t s .  It 
appears  t h a t  t he  lowest r a t e  of deve- 
lopment i s  ob ta ined  when t he  c e n t e r  of 
gene ra t i on  proceeds a long  the  r i d g e  of 
q u a l i t y  f unc t i on  the  same time t r a j e c -  
t o r i e s  tends t o  proceed a long  t h i s  ~ i -  
dge . A s  t he  shape of q u a l i t y  f unc t i on  
r e f l e c t s  cnvj ronrnental p r e f e r ences ,  
t he  s i t u a t i o n  when {:enerat ion f i n d s  
i t s e l f  ou t s i de  t he  r i d g e  can be i n t e r -  
p r e t ed  a s  a  r e s u l t  of a  r a p i d  change 
of envj  ron~rlent. 

Fig. 10. Impact of i n i t i a l  s t a t e  on 
average  q u a l i t y  . 
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3.3. Some s p e c i a l  c a s e s  

Figs. 11 and 12. i l l u s t r a t e  t h e  genera- 
t i o n  behaviour  when the  q u a l i t y  f  unc- 

-i t i o n  has  a l o c a l  maximum. The r e s u l t s  
a r e  f o r  d i f f e r e n t  m g  equa l :  lo-', 

and M = N " = I o ~ ,  S o :  N'J(12 , I  2) = l o 4  
and ze ro  elsewliere. Q u a l i t y  f u n c t i o n  
is  g i v e n  on f i g .  11. The t r a j e c t o r y  of 
g e n e r a t i o n  f o r  :no = I  0-2 has  been drawn, 
marks t h e  cet i tor  p o s i t i o n  f o r  every  
twenty g e n e r a t i o n s .  

Fig. 11. Passage through l o c a l  maximum. 

Pi.g. 12. i l l u s t r a t e  the  r a t i o  of deve- 
lopment w i t h  r e s p e c t  t o  m o .  The h i g e r  
the  m o d i f i c a t i o n  p r o b a b i l i t y  i s ,  t h e  
e a s i e r  the  g e n e r a t i o n  pass  through the  
l o c a l  maximuin. Tho p r i c c  of rnore rapi.d 
development i s  a lower q u a l i t y  i n  s t a -  
t i o n a r y  s t a t e  - compare curves  2 and 3. 

Fig .  12. Passage through loca 1 maxim~ml, 
p r o b a b i l i t y  of m o d i f i c a t i o n  
irlf luence on average  q u a l i t y .  

Fig.  13. i l l u s t r a t e  t h e  s i t u a t i o n  when 
t h e r e  a r e  two p o s s i b l e  ways of deve- 
lopment. A s  tho s l o p e  of b o t h  r i d g e s  
nearby b i f u r c a t i o n  po in t  i s  s i m i l a r  , 
t h e  choice of f u r t h e r  way of  develop- 
ment i s  q u i t e  random. Once t h e  genera- 
t i o n  e n t e r  one r i d g e ,  t h e  p r o b a b i l i t y  
i t  can change i t s  way d imin i shes  r a p i -  
dly .  The p r o h a b i l i  t y  of  p roper  c h o i s e  
i n c r e a s e s  w i t h  m o .  For: M = N O = I O ~ ,  
mO=l0-', So :  hJ0(13,9)=104 f o u r  r e a l i z a -  
t i o n s  have been computed, 3 on 4 "gone" 
towards t h e  lower maximum. When m o =  
= 4.10-' has  been assumed the r e a  l i a a -  
t i o n  "gone " towards the  h i g h e r  maxi- 
mum. 

Fig. 13. Passage tlu-ough b i f u r c a t i o n  
p o i n t .  

I t  i s  obvious t h a t  an  assumption t h a t  
p r o b a b i l i t y  of modif i c a  t i o n  depends 
only on d i s t a n c e  batwoen elements  i s  
over  s i n ~ p l i f i e d  w i t h  r e s p e c t  t o  r e a l  
l i f e  p rocesses  of development. Promi- 
s i n g  m o d i f i c a t i o n  should  be made 
"ou ts ide t '  of e x i s t i ~ l e ;  types  and espe-  
c i a  l y  " a t  t h e  f o r e f r o n t  " of  deve lop ing  
g e n e r a t i o n .  I t  seems a l s o  i n  some sen- 
so  e a s i e r  t o  g e t  a product  u n i t i n g  two 
e x i s t i ~ ~ g  f e a t u r e s  then a product  wi th  
q u i t e  new f e a t u r e  - parametor value.  
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Fig. 14. a l lows  t o  compare r e s u l t s  ob- 
t a i n e d  f o r  ffnormal" process  wi th  t h a t  
ob ta ined  under assumption t h a t  evory 
time when i t  is p o s s i b l e  t o  g e t  a  new 
type by recombination of parameters  of 
e x i s t i n g  types ,  e lements  of t h i s  com- 
bined types a r e  in t roduced  t o  genora- 
t i o n .  The r e s u l t s  a r e  f o r :  ht=N0=105, 
m0=10-3, so: N(30,30) = l o 5 ,  q (d ,  ,d2)  is  
givon by eq. (21) .  The r a p i d  growth of 
development r a t e  i s  c l e a r l y  v i s i b l e .  

@ with recombination 
0.4 5 .  

0.30 

0.15 . 

30 60 90 120 f50 

Fig. 14. Impact of recombinat ions on 
average q u a l i t y  

The l a s t  c a se  t o  be shown he re  i s  ca se  
of "pu r su i t " .  We compare two genera- 
t i o n s  on d i f f e r e n t  l e v e l  of develop- 
ment,  developing s e p a r a t e l y  a long  the  
some r idge .  The curves 1  and 4 on f i g .  
15 show the  average q u a l i t y  ob ta ined  
by elements  of t h i s  two gene ra t i on  Re- 
s u l t s  a r e  f o r :  M = N ' = I o ~ ,  mD=1.5.10-'3, 
¶ ( d l  ,d2)  i s  g iven  by eq. (20) , s0:N(4,4) = 
= 700, N (5,5) =9 000 , hi ( 6 , 6 )  = I  000 and 
ze ro  elsewhere f o r  t he  more advanced 
and: S O :  N ( 7 , 7 ) = 1 0 0 ,  ~ ( 8 , 8 ) = 9 0 0 0 ,  

Fig. 15. h r s u i t  s t r a t e g i e s  f o r  l e s s  
advanced genera t ion .  

~ ( 9 , 9 )  =YO0 and ze ro  elsewhere f o r  l e s s  
advanced genera t ion .  The curvos 2  and 
3  show what occurrod when 4  elements 
belonging t o  more advanced genera t ion-  
r e s p e c t i v e l y  of t h e  be s t  and of t h e  
j u s t  superseded type - have been i n t r o -  
duced t o  t he  l e s s  advanced. 
The ope ra t i on  a lone  and i t s  r e s u l t s  
seems t o  be s i m i l a r  t o  t l ~ o s o  assoc ia -  
t ed  w i th  l i c ence  i n t roduc ing  [ 8 ] .  

3.4. Fo reca s t i ng  

A f o r e c a s t i n g  seems t o  be one of more 
p ron~ i s ing  f i e l d s  of model appl i c a  t i ons .  
It can be c a r r i e d  out under fo l lowing  
assumptions : 

- a  s p e c i f i c  environment should be 
s u i t a b l y  d e l i m i t e d ,  i..e. expected 
p r e f e r e r ~ c e s  a r e  the  sa111e f o r  e l e -  
ments of the  same types - i t  does not 
m a t t e r  t h a t  only the  b e s t  type domi- 
n a t e s ,  and i t s  deliland def ined.  - a  q u a l i t y  f u r ~ c t i o n  - prefe rences  - 
does n o t  vary i n  time o r  t h i s  va r i a -  
t i o n s  a r e  def ined .  - a  reproduct i .0~1 process  r ega rd s  the  
pre fe rencos  i n  a  f a sh ion  assumed. - o s u f f i c i e l l t  i n t e r v a l  of gene ra t i on  
h i s t o r y  i s  lcr~own t o  tho  e x t e n t  which 
make pos s ib l e  t o  de t e r~u ine  t he  number 
of a l l  e lements  i r~vo lved  i n  the  envi-  
ronment demand f u l f i l l i n g  i n  some 
previous gene ra t i ons .  

It i s  no t  necessary t o  know the  para- 
meters  of types and q u a l i t y  f unc t i on  
slia pe . 
The i dea  of f o r e c a s t i n g  i s  t o  e s t i m a t e  
t h e  r e l a t i v e  q u a l i t i e s  of p a r t i c u l a r  
types knowing t he  r e l a t i v e  r a t i o s  of 
t h e i r  reproduc t ion  i n  p rev ious  genera- 
t i o n s  and t o  use theso q u a l i t i e s  t o  
s imu la t e  the devolopment assuming none 
new typo w i l l  appear .  Having s u f f i c i e n t  
s e t  of such r e a l i z a t i o n s  we can do te r -  
mine t h e  prognosis  a s  an average of 
such r e a l i z a t i o n s  a s  w e l l  a s  i t  va r i a -  
nce. Ssst~ming the q u a l i t y  and time i n  
which t he  now b e t t e r  type w i l l  appea r ,  
we can determine t h e  range of progno- 
s i s  e.g. a s  a  t ime i n  which the number 
of t l i i s  nerr. type e l e m e i ~ t s  w i l l  bo l e s s  
then 10$ of whole gene ra t i  ~ J I  number. 

To i l l u s t r a t e  the problem r l f  (Tenera- 
t i o n  s t a t e  f o r o c a s t i ~ i g  we n s o  a  d a t a  
ob t a ined  from s imu la t i on  c a r r i e d  out  
under  fo l lowing  assu~nt>t ions :  II=N = I 0  , 
m = 3  10  . 

The i r l i t i a i  s t a t e  i s  c h a r a c t e r i s e d  i n  
t a b l e  1. 
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Table  1. Number atid q u a l i t y  of e lements  
o f  p a r t i c u l a r  t y p e s  i n  SO.  

type number q u a l i t y  type number q u a l i t y  
, 1 3 0.383 11  2 0.173 

2 24  0.444 1 2  6 0.312 
3 238 0.405 13  727 0.323 

1. 4 151 0.312 14 2764 0.301 
5 1 0.220 15 300 0.258 
6 4 0.383 16 2 0.193 
7 77 0.405 17 16 0.249 
8 2054 0.379 18 128 0.258 
9 3293 0.323 19 116 0.234 

1 0  54 0.249 20 1 0.193 

Fig. 16. g i v e s  t h e  number of e lements  
f o r  somo of t h i s  t y p e s ,  t h e  new t y p e s  
which appeared  as e a r l y  a s  i n  7-th ge- 
n e r a t i o n  have been a l s o  inc luded .  

Fig. 16. Elements number f o r  some ty -  
pes i n  exemplary r e a l i z a t i o n .  

We " fo recas ted1 '  t h i s  exemplary r e a l i -  
z a t i o n  assuming t h a t  on ly  i n f o r m a t i o n  
we have i s  a  number and q u a l i t y  of e l e -  
ments i n  i n i t i a l  s t a t e  and  t h a t  none 
new type appears .  Fig.  17. make poss i -  
b l e  t o  compare t h e  exemplary r e a l i z a -  

i t i o n ,  d e t e r m i n i s t i c - p r o g n o s i s  and  one 
of random procnos i s  r e a l i z a t i o n  f o r  
some types .  
Tho p rognos i s  soems t o  be q u i t e  r e s o -  

t n a b l e  though more t h e n  1 000 e lements  
o f  b e t t e r  types  e x i s t e d  i n  30-genera- 
t i o n .  

Figs.  18. and 19. y i e l d  some i n f o r m a t i o n  
concern ing  random prognos i s  convergen- 
ce .  For: M=l 000, s = l 0 0 ,  i n i t i a l  s t a -  
t e  : 

Fig. 17. F o r e c a s t i n g  r e s u l t s  f o r  
types:  2, 3, 8, 9. 

- exemplary r e a l i z a t i o n  - d e t e r m i n i s t i c  p rognos i s  
- - - -  randorrl p r o g n o s i s  r e a l i z a t i o n  

800. 

100 ' 

cnn, 

Fig.  18. Number o f  5-th type  e lements .  
- random r e a l i z a t i o n  - a v e r a g e  o f  r e a l i z a t i o n s  --- d e t e r m i n i s t i d  curve  

some r e a l i z a t i o n s  have been computed. 
Four of t h i s  r e a l i z a t i o n  a s  w e l l  a s  
a v e r a g e  and d e t e r m i n i s t i c  p rognos i s  
a r e  drawn f o r  3-rd and  5-th type  res -  
p e c t i v e l y .  
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Fig. 19. Number of 3-rd type elements. 
- random r e a l i z a t i o n  
- average of r e a l i z a t i o n s  -- - d e t e r m i n i s t i c  curve 

4. CONCLUSIONS 

The model d i scussed  i n  t h i s  paper i s  
e n t i r e l y  a b s t r a c t ,  s imula t ion  r e s u l t s  
have been obtained under q u i t e  a r b i t r a -  
ry  assumptions. The same time, the pro- 
cess  the model desc r ibes  manifests  qui-  
t e  a l o t  of p rope r t i e s  which a r e  cha- 
r a c t e r i s t i c  f o r  some of r e a l  l i f e  deve- 
lopment processes. 

We be l ive  t he re  a r e  e.g. 

- development i t s e l f  i s  a mat te r  of 
preferences  expressed i n  some envi-  
ronment, 

- t he re  a r e  two t rends  composed: t o  su- 
persede a l l  elemants by temporari ly 
the bes t  ones and t o  f i n d  s t i l l  bet-  
t e r  e lements ,  - i r r e s p e c t i v e l y  of s i g n i f i c a n t  i n f l u -  
ence of random f a c t o r s  the growth 
curves we meet i n  development proces- 
s e s  a r e  very s i m i l i a r  - l o g i s t i c  
0.g. ( f i g .  5 . ) ,  - one can t r a c e  usualy a p o s t e r i o r i  
a t r a j e c t o r y  of developmer~t i n  para- 
meter space,  t he re  i s  o cons tan t  
growth of q u a l i t y  along t h i s  t r a j e c -  
t o ry ,  

- t he re  a r e  t y p i c a l  s t ages  of davelop- 
ment , the  s t ages  6f t r a n s i t i o n  when 
new b e t t e r  elements ga in  domination 
and the  s t ages  of quasi-equil ibr ium 
when the new b e t t e r  types of elements 
a r e  mostly found ( f i g .  2 . ) ,  - t he re  e x i s t  always elements of types 
"deviated" from t h i s  temporari ly thc 
b e s t ,  succes s fu l  modif icat ions a r e  
usualy modyfications of t h i s  very , 

v i a t e d  types ,  

- the more elements of devia ted  tyw~." 
e x i s t  and the Inore s i g n i f i c a n t  artt 
t h i s  dev ia t i ons  the  more r ap id  J . ,  . i  

development process ( f i g .  12.: , 

- the p r i ce  of development i s  a cu t  i n  
curret i t  average q u a l i t y  of popula- 
t i o n ,  - a sudden change i n  environmental pre- ! 
fe rences  can r e l a s e  a r ap id  develop- 
ment f i g s .  9 and 10. , 

- sorne d i r e c t i o n s  of development can 
be missed and i t  i s  not  e a s i l y  rever -  
s i b l e  process f i g .  13. , 

- most of succesjful i nnova t io~ l s  a r o  
found a s  a r e s u l t  of recombination 
of e x i s t i n g  types f i g .  14. , - a contac t  of i s o l a t e d  populat ions 
r e s u l t s  usualy i r i  r ap id  devolopment 
( f i g .  15.).  

We hope, the model presented w i l l  prove 
i t s  u s a b i l i t y  a s  a f o r e c a s t i n g  t o o l  
and perhaps i t  can be of some use when 
the developnlent c o n t r o l  means a r e  con- 
s idered .  A s  f o r  a p re sen t ,  we t r y  t o  
check the model us ing  r e a l  l i f e  da ta .  
The main d i f f i c u l t y  i s  t h a t  acces ib l e  
da ta  a r e  usualy c o l l e c t e d  r a t h o r  f o r  
s p e c i f i c  type i n  d i f f e r e n t  environ- 
ments, then f o r  d i f f e r e n t  types i n  
s p e c i f i c  envirorunent . 
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